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ABSTRACT 
A characterization of all the subspaces with basis of a stable, nuclear Lf(b, r)-space 
(r E (0, co}) is given. As an application the &(a, 8)-subspaces (s=O, -& 1, co) of a 
given Lf(b, r)-space (r E {O, 00)) are studied. 
The general structure problem which consists in characterizing all sub- 
spaces with a basis of a given nuclear Frechet space has been solved 
recently for a wide class of spaces: the power series spaces of finite and 
infinite type (see [5] and Cl]). I n each case the characterization is given 
in terms of two inequalities. One condition is concerned with the repre- 
senting matrix of the subspace while the second inequality is related to 
the type of nuclearity of the spaces involved. 
The power series spaces form a subclass of the class of Lf(b, r)-spaces 
introduced by Dragilev [2]. 
In this paper we solve the problem of characterizing all basic sequences 
in Lf(b, r)-spaces (Y E (0, cG>) for rapidly increasing functions f (i.e., Lf(b, r) 
is not isomorphic to a power series space). It turns out that again in each 
case the characterization is given in terms of two inequalities, comparable 
(taking f ==identity) to those obtained for power series spaces. We apply 
our main results to obtain a description of the &(a, s)-subspaces of a 
given Lf(b, r)-space, r E (0, oo}, s= 0, & 1, 00. 
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1. PRELIMINARIES 
(1.1) The topological vector space E appearing in this paper will always 
assumed to be a countably normed nuclear FrQchet space. For the ele- 
mentary theory of such spaces we refer to [SJ. 
By the term subspace we understand a closed infinite-dimensional 
subspace. 
When we say that E is a subspace of 3’ we mean that E is linearly and 
topologically isomorphic to a subspace of P and we write E < P. 
(1.2) If E has a basis, then the absolute basis theorem of Dynin and 
Mitiagin [S] states that every basis (xn) for E is absolute. I.e., 
Vx E E, x= 2 t?axn: 2 jtnl ~~x&<oo, k= 1, 2, . . . 
?a 
where (11. Ilk) is an increasing sequence of norms determining the topology 
of E. 
The matrix (I/X&) is then called a representation for (x,). It follows 
from this that the collection of all nuclear Frechet spaces with basis is 
the same as the collection of all nuclear Kiithe spaces. 
(1.3) A .&Me space K(a) is determined by an infinite matrix a = (h) 
which satisfies : 
O<a~<a~+’ VW, Vk and V/c @>k 3 2 (h/ak)<co. 
Then 
K(a)=((bd:pk(M)= 3 b&iL k=l, 2, . ..I. 
Using the sequence of norms (pk), the space R(a) becomes a nuclear 
Frechet space in which the sequence of coordinate vectors (e,) is an 
absolute basis. By nuclearity there is an equivalent sequence of norms 
on K(a) defined by 
Il(bJllk= sup I&&~, k=l, 2, . . . . 
?a 
(1.4) A power series space of infinite (resp. finite) type n,(a) (resp. 
rli(ol)) is a K&he space determined by a matrix (a:) = (Pa) 
( resp. (at)= ((&)“@)), 
where (an) is an increasing sequence of positive numbers with lim ayn = 00. 
(1.5) Given zero-neighborhoods U, and U, in E(q>p), corresponding 
to norms l).IIP and II.llp, th e n-th Kolmogorov diameter dn(Ug, Up) of U, 
with respect to UP is defined as follows (see [7]): for a finite dimensional 
subspace L of E set 
a(u,, u,;L)= inf(d>o: u,cau,+q 
Then 
&( U,, U,) = inf {d( U,, U, ; L) : dim L Gn}. 
(1.6) It is proved in [2] (Lemma 2 p. 66) that if (x,) is a basis for E and 
the sequence (I]x,&,/~~x&) decreases with n (q>p), then 
antug, Up)= F, n=l, 2, . . . 
Xn P 
(1.7) LEMMA (see [5], Proof of Theorem). 
Suppose E < K(a). Let (I’,) be a fundamental system of zero-neigh- 
borhoods for K(a) given by 
Vk={(tn): z\ Itnlz(~~)2<1), k=l, 2, . . . 
7% 
Let a(E) be a fundamental system of zero-neighborhoods for E. Then 
VU E a!(E) 3V E ‘4?(E), V C U, 3k 3R> 0 3 
&( V, U) d2 an( Vk+l, Vk). 
(1.8) LEMMA (see [3] p. 260). 
Let (h) be a fixed infinite matrix such that 0 <~$<a?~ and 
k,nEN. 
For p0<p1, tPo+l, . . . . pl t and kE.N define 
cP(tP()+l~ . . . . tpl)= max {q: Itpjai= max Itiluik}. 
9o<K91 
Then 
qk(b,+19 .*., t,,)<qk+~(t,,+l, "', t,,), k EN. 
(1.9) With the same proof as in (1.8) we have : Let y= 2 tnen E K(o), 
where a= (a$ is as above and K(a) is nuclear. Define 
q"= max (4: i\yilk= h?/&f 
Then qkgqk+l, k E N. 
(1.10) In the context of (1.9), let E < K(U) with a basis (yn) and set 
&=qk(yn). Then (yn) h as a representation b = (b;) such that 
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(1.11) LENMA (see [4] p. 287). 
Let (at) be an infinite matrix as in (1.8). Given numbers tl, . . ., t, we 
define @(ti , . . ., tr) as in (1.8). Then if 0 ~41 . . . <qm<p are integers, it is 
possible to choose numbers ti, . . ., tp with t,l f 0 but otherwise arbitrary, 
ti=O for i#ql, . . . . qm and 
ak+l ak 
k&l 6 < It,,,,/ < it kl -&- Y k= 1, . . . . m- 1. 
*k+l * a*s+1 
Moreover, if any such choice is made, then 
qkh , . . . . &)=qk, k=l, . . . . m. 
2. &(b, ?')-SPACES 
(2.1) DEFINITIONS: [2] $3. 77. 
A function f defined on [0, 00) is called logarithmically eowvex if the 
function v(u) = log f(eu) is convex on (-00,~~). Let f be an increasing, 
odd function defined on ( - 00, oo), which is logarithmically convex on 
[0, cm). Let b = (bn) b e an increasing sequence of positive numbers such 
that lim b,=co. Let (rk) be a strictly increasing sequence of real numbers 
with lim rk=r, where --ootr<oo. 
Consider the matrix (a$ defined by af=e’(‘kbn). The Kothe space K(a) 
associated to the matrix (a:) is called an Lf(b, r)-space. 
In this paper we only deal with nuclear Lf(b, r)-spaces. Necessary and 
sufficient conditions for the nuclearity of an ..&(b, r)-space can be found 
in [2] p. 78. 
(2.2) An increasing function f is called ra(pidly increasing if for all a> 1 
f (ax) 2 f(x) =co. 
It is proved in [2] p. 79 that an Lf(b, r)-space is isomorphic to a power 
sesles space if and only if f is not rapidly increasing, in which case without 
loss of generality we may take f =identity. Since the characterization of 
basic sequences in power series spaces is completely solved ([l] and [5]) 
we shall restrict ourselves to Lf(b, r)-spaces with rapidly increasing f., 
Throughout the paper f will always have this meaning. Also b = (bn) will 
always be as in (2.1). 
We only consider the cases r=oo and r= 0. The other cases are subject 
to further investigation. 
(2.3) The space E is said to be stabZe if E x E s E. For $(b, r)-spaces 
(r E (0, CQ>) the stability is equivalent to: sup (bzn/bn)<co (see [Z] p. 79). 
206 
(2.4) LEMMA. 
Let Y E (0, CQ}. There exists g such that .&(b, r) g J&(6, r) and having 
the property: 3R> 0 such that g-i(ny) < Rn g-l(y), n E N, y> 0. 
So from now on we may assume that f always has this property. 
PROOF. Since changing f in a neighborhood of zero does not alter the 
space &(b, r) we can, if necessary, replace f by g for which 
lim 9-1(2Y) 
w-so s-l(y) =A 
exists and is finite and such that &,(a, r) s L,(b, r). (f =g except in a 
small neighborhood of zero). Hence we have 
(4 3yo> 0 3 g-l(2y) < (A + 1)9-l(y), o< y< yo. 
Since g is rapidly increasing there is ~r>g-l(yo) such that g(2x)>2g(x), 
x>xi. It follows that 
(ii) g-y2y)G2p(y), y> y1=g-l@1). 
Also 
sup PPY) -- = 
210~11~111 s-l(Y) B 
exists and is finite. So 
(iii) g-l(q!/)<B s-l(y), YO<Y=GYl. 
So from (i), (ii) and (iii) it follows that 
g-1( 2ky) < 2k max {A f 1, 1, B}g-l(y), y>o, k E N. 
Hence if n E N is such that 2k<n< 2k+l for some k E N, then for y> 0 
we have 
g-l(ny) < g--1( 2k+ly) G 2k+l max {A + 1, 1, B}g-l( y) 
< 2n max {A + 1, 1, B}g-l(y). 
So we let R=2 max {A+], 1, B). 
3. XAIN RESULTS 
(3-l) THEOREM. 
Let E be a nuclear Frechet space with basis (y,). Then E is isomorphic 
to a subspace of Lf(b, 00) if and only if 
i) the basis (yn) has a representation (bkn) such that for some number 
M>l we have 
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ii) for every zero-neighborhood U in E and e > 0 there is a zero-neigh- 
borhood V in E, ‘CT C U such that 
&( V, U) Q esftebn), n sufficiently large. 
PROOF. First we show that the conditions are necessary. It is easy 
to check that ii) holds for Lf(b, co), so by (1.7) it holds for E. For i) we 
apply (1.10) with h= ef(%Qm) where (Q) is an increasing unbounded 
sequence chosen such that /(2x) > 2/(z) for x > ribi and r~+l> 4rk 2 1. Then 
ak+2 ek+l 
12 @+2 &+I G &i’ 12, kEN, ,$+I 9% II 
and so, since b,;+l > br, 
Q f’(f(rk+l be+l) -f(rk b$+l)) 
which is condition i) with M= 2. 
Now we assume that i) and ii) hold and we shall construct a basic 
sequence (2,) in Lf(b, r~) and a matrix (bi) which is a representation of 
(2,) and of a permutation of &,). This will complete the proof. Let (cz) 
be a representation of (y,) satisfying i). Then by ii) and (1.6) we have 
a permutation zz of N and j E N such that 
n sufficiently large where A = sup (ban/bn). We can easily adjust (ci) so 
that this relation holds for all n and i) is still true. Now let (jk) be any 
subsequence of indices. Then if R is given by (2.4), it follows from i) 
(used first with M replaced by 1 and then with M) that 
f-1 (log%) =f-+& +...+ log%) 
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We then choose (jr) so that if VI= 1, ~2 >j and 
itf~k+2--5k.+l 
7k-tI< 
2J.4-fqjk+l--jk) 
‘i-k, kEN 
then (rk) is an increasing unbounded sequence and if we set b$ = c!&, 
then (bi) is a representation of a permutation of (y,) such that 
(1) 
bii Q <e-f(4) <e-f(b~-I), ?%EN 
(2) < 2A;7k+l f-1 (log gl) , n, k E N 11 
Now we fix m and generally suppress it in our notation. Let 
70=0, xv=e2v-l,2m_,,, av = bzvdL2+ 1) 
ak= ef@k-l ‘%), k, q~ E N 11 
so that (xv) is a subsequence of (e,) (with no repetitions as m varies) and 
(a:) is a representation of (x9) satisfying (1.8). We will select qk, t,k to 
define 
m 
Zrn= 2 t,kx,k. 
k-l 
First we show that we can select ql, . . . , qk such that for k = 1, . . . , m - 1, 
ak+l 
f(rka,k) --f(r&l a,$) = log -$ < log% 
ak+l ,k+l < log-i;- 
uk 111 auk+l 
=f(rk a,k+l)- /@k-l %k+l)- 
By (1) we can choose ql= 1 and the left inequality holds. Suppose that 
we have chosen ql, ..,, qk such that the left inequality and also the right 
inequality holds. Since limv a, = 00 we can let qk+l be the smallest index 
such that the right inequality holds. Then we have, for m sufficiently 
large 
j&k aak+L1) <f(Tk aqk+LI) -fh-1 agk+LI) 
bk'l 
=Glog-+ 
m 
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so 
aqk+lml < $f-’ 2 ( 
fh+l add-f(rk %k+l) <f(rk+l a,k+l) G f(hk+l @&+l-1) 
gf 
( 
2Afkvk+1 f-l (log bs)) < log g 
m 
for m sufficiently large. So the construction of pl, . . ., qm is complete. 
Now set 
tqk = ;+ , lc=l, . . . . m, 
8 
and it follows from our construction that the condition of (1.11) is satisfied. 
SO it follows that we have mo such that (sm)m>mo is a basic sequence in 
&(b, 00) for which (a”) m k,m&&, is a representation. But (xm) is also a basic 
sequence in Lf(b, 00) and (6&) is a representation for it. 
(3.2) THEOREM. 
Let E be a nuclear Frechet space with basis (y,). Then E is isomorphic 
to a subspace of Lf(b, 0) if and only if 
i) the basis (y,) has a representation (bk,) such that there is a number 
M> 1 such that 
ii) for every zero neighborhood U in E there is a zero neighborhood V 
in E, V C U, and e> 0 such that 
&( V, U) < esfcebnt, n sufficiently large. 
PROOF. First we show that the conditions are necessary. It is easy 
to check that ii) holds for i&(b, 0) so by (1.7) it holds for E. For i) we 
apply. (1.10) with 
ai = ef(--% * *%) where rk+l = Sk. 
Then by the nuclearity of E it follows from (1.10) that 
X/c03 lim qt=co, Lzko. 
I) 
Also we have, 
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Hence, for ?c> kc and n sufficiently large we have 
f-1 (log F) < f-l(f (&;+1) -f (&4$+1)) 
< $ bqt++l < & b,y = 4 1-l o f 
(&%+1) 
df-‘(f(&b”r.l) -f(&Q+l)) d/“(log~). 
This gives i) for Ic> kc and n sufficiently large and we can clearly adjust 
(bz) so as to obtain i) for all n, k. 
Now we assume that i) and ii) hold and we shall construct a basic 
sequence (2%) in Lf(b, 0) and a matrix (b$) which is a representation of 
(2,) and of a permutation of (ylz). This will complete the proof. 
Let (~2) be a representation of (yn) satisfying i). Then by ii) and (1.6) 
we have a permutation x of N, and an index j and Q> 0 such that 
1 
%m V ge-“QV for n sufficiently large. 
Gji2: 
By decreasing Q if necessary we can be sure that this holds for all n. 
NOW let b= (b:) be given by 
Then for some I, (k-l)j<Z<kj, 
f-qlog~) =f-1 (I%&) 
+-flog% +...+ log pg) <f+log~) 
where iIIk > 0 is appropriately chosen. 
Thus we have a representation (bi) of a permutation of (yn), Q > 0 and 
a sequence (Mk) of positive numbers such that 
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and 
(4) f-‘(log%) .Mkf-l(,,&) k,nEN, 
where A = sup (bsn/bn). 
Now we fix m and generally suppress it in our notation. Let (Q) be a 
strictly increasing sequence such that rr z A/e and rk+r > 2ARMkrk, k E N. 
Let 
zw=e2w-q2m-11), aw=b,w-~,,-,,, akv=e-f(1~4*), k, v E N 
so that (xv) is a subsequence of (e,) (with no repetitions as m varies) and 
(a$) is a representation of (xv) satisfying the condition of (1.8). We shall 
Select q”, t,$ t0 de&e 
First we show that we can select @, . . ., 4% such that for k= 1, . . ., m- 1 
< log7 ~~=f(~a&+l) -f(&“k+l). 
By (3) we can choose @= 1 and the left inequality holds. Suppose that 
we have chosen 91, . .., qk such that the left inequality and also the right 
inequality holds. Since lim, a~= 00 we can let qk+l be the smallest index 
such that the right inequality holds. Then we have for m sufficiently large, 
So by (4) we have for m sufficiently large 
f 
( 
Ark. 1 = 
- -a,k+l-l) <f($f-1(210gy)) 
f-k+1 rk 
q=f-qlog~)) <f(2A~k~ylog~)) 
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So the construction of ql, . . ., pm is complete. 
Now set 
tQk = 5 , Ic= 1, *.., nz, 
Qk 
and it follows from our construction that the condition of (1.11) is satisfied, 
so we have me such that (z 112 mamo is a basic sequence in &(b, 0) for which ) 
(b&)m>mO is a representation. But (sm) is also a basic sequence in .Z$(b, 0) 
and (&) is a representation for it. 
4. APPLICATIONS 
(a) Power series szcbspaces of .Lf(b, r)-spaces, T= 0, co. 
(4.1) PROPOSITION. No space A,(a) is isomorphic to a subspace of 
-W, 00). 
PROOF. We shall show that A,(K) does not satisfy the condition i) 
of (3.1). If it did then we would have a matrix (bk) satisfying that relation 
and also subsequences (jk) and (&) of indices such that 
b$ Q elk a* Q b$+l, n sufficiently large, 
and SO applying i) (twice) we have MIC > 1 for k sufficiently large such that 
f-l((~k+l-~k)c%n)< f-l 
bik+s bik+l 
= t1 log b2+2-1 n +...+ log% 
n 
GRkh+a-jit)f-l (log &) 
< ik f-‘((lk+‘l- ~k+l)&z) 
for n sufficiently large. But since lim 01 2= 00, this violates the fact that 
f is rapidly increasing. 
(4.2) PROPOSITION. Al(a) < L,(b, 0) if and only if 
inf sup f(e =O. 
e>0 ta hz 
PROOF. If we take bt=e-‘1’2k’a A then condition i) of (3.2) follows with 
M = 2. It is clear that condition ii) of (3.2) is equivalent to the given 
condition. 
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(4.3) PROPOSITION. A,(oc) < Lf(b, 0) if and only if 
3@>03 sup f(e <co. 
R a?& 
PROOF. A,(a) clearly satisfies condition i) of (3.2) with M=l. It is 
clear that condition ii) of (3.2) is equivalent to the given condition. 
(4.4) PROPOSITION. No space A,(a) is isomorphic to a subspace of 
-w co). 
PROOF. The space Ai has a basis of type (ds) where as it is easy 
to see that the coordinate basis in Lf(b, 00) is of type (da), so the result 
follows from [4]. 
(b) L&x, a)-subsjxxces of &(b, r), r= 0, 00, s= & 1, 0, 00. 
We have a complete characterization arising from (3.1) and (3.2) along 
with computations quite similar to the ones we have been making. We 
simply list the results without details of the computations. 
(4.5) &(a, 00) < Lf(b, m) if and only if 
i) 3z>llim - 7 f-w4 < 1 
a-+00 f%d 
. 
fk W ii) F~>03Z>03 Sup - <co. 
* gb) 
(4.6) &(a, 1) < &(b, 00) if and only if 
i) 3r>l hm -- 7 f-l&) <1 
z-+m f-l d4 
ii) fk? bd FQ > 0 3-c E (0, 1) 3 sup ~ 
la g(z%J <O”- 
(4.7) No space &(a, 0) is isomorphic to a subspace of Lf(b, co). 
(4.8) No space ..&(a, - 1) is isomorphic to a subspace of &(b, co). 
(4.9) &(a, c=) < Lf(b, 0) if and only if 
T- f-l&4 i) 3r>l lim - <cc 
z-+ca f-l d4 
f(Q bn) ii) 3~>0, z>O sup -- Coo. 
?a g@afd 
(4.10) .&(a, 1) < Lf(b, 0) if and only if 
7 f-1g(4 i) -cjz>l lim - x00 
a-+00 f-l s(4 
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f k bn) ii) 3~>0 and -ce(O, 1)gsup -<<co. 
n s(r 4 
(4.11) &(a, 0) < Lf(b, 0) if and only if 
i) 7 f-l &) 3-~ 15 (0, 1) 3 llm - <co 
aY+c3 f-l!?(M 
f (@ bn) ii) Tt>O3~>03 sup g(za7 coo. 
n n 
(4.12) &(a, - 1) < Lf(b, 0) if and only if 
-z--- f-3 (4 i) VT>1 lim - 
z-co f-1g(M <O” 
fk bn) ii) Br>l3~>03 sup -- coo. 
?a g(z 4 
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